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Abstract

Metabolic reaction rates (fluxes) play a crucial role in comprehending cellular
phenotypes and are essential in areas such as metabolic engineering, biotechnology,
and biomedical research. The state-of-the-art technique for estimating fluxes is
metabolic flux analysis using isotopic labelling ('3C-MFA), which uses a dataset-
model combination to determine the fluxes. Bayesian statistical methods are gaining
popularity in the field of life sciences, but the use of *C-MFA is still dominated by
conventional best-fit approaches. The slow take-up of Bayesian approaches is, at
least partly, due to the unfamiliarity of Bayesian methods to metabolic engineering
researchers. To address this unfamiliarity, we here outline similarities and differences
between the two approaches and highlight particular advantages of the Bayesian way
of flux analysis. With a real-life example, re-analysing a moderately informative
labelling dataset of E. coli, we identify situations in which Bayesian methods are
advantageous and more informative, pointing to potential pitfalls of current '3C-MFA
evaluation approaches. We propose the use of Bayesian model averaging (BMA) for
flux inference as a means of overcoming the problem of model uncertainty through its
tendency to assign low probabilities to both, models that are unsupported by data,
and models that are overly complex. In this capacity, BMA resembles a tempered
Ockham'’s razor. With the tempered razor as a guide, BMA-based '*C-MFA alleviates
the problem of model selection uncertainty and is thereby capable of becoming a
game changer for metabolic engineering by uncovering new insights and inspiring

novel approaches.
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1. Introduction
Intracellular metabolic reaction rates (fluxes) provide a quantitative and
experimentally-anchored account of the cellular physiology that underpins
phenotypes (Nielsen, 2003; Sauer, 2006). Once captured, intracellular fluxes are
readily interpretable as flux maps (analogues of traffic congestion maps) that highlight
metabolic bottlenecks (Stephanopoulos G. et al., 1998), pinpoint the effectiveness of
genetic or bioprocess optimization efforts (Becker et al., 2011; Das et al., 2020),
inform how cells regulate their metabolism (Kochanowski et al., 2021), reveal energy
leaks (Zhao et al., 2012), and allow deriving otherwise indeterminable cellular
parameters (Zelle et al., 2021). Metabolic fluxes also play an important role in the
biomedical sector, e.g. to detect metabolic “reprogramming” induced by disorders,
viruses, pathogens or other diseases as well as to study the mode of action of drugs
(Borah et al., 2019; Lagziel et al., 2019; Munger et al., 2008; Murphy et al., 2013).
Knowledge of metabolic fluxes has also far-reaching implications beyond flux maps
as they narrow plausible intracellular metabolite concentration ranges (Beard et al.,
2002; Wiechert, 2007; Xu et al., 2020), calibrate kinetic metabolic models (Foster et
al., 2019), are essential for reconciling enzyme kinetic parameters from databases
(Liebermeister and Noor, 2021), and provide a solid basis for machine learning
approaches to study metabolism (Wu et al., 2016). Fluxes also provide the principal
means by which the results of metabolic engineering can be assessed. Consequently,
the accurate system-wide estimation of metabolic fluxes, which includes the reliable
quantification of their uncertainties, is a vitally important technique for all basic as well
as applied biosciences, such as metabolic engineering.

The state-of-the-art method for inferring metabolic fluxes is *C metabolic flux

analysis (MFA) (Wiechert, 2001). In "*C-MFA, data from labelling experiments
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conducted under metabolic (quasi-)steady state conditions are analysed in the
context of a biochemical reaction model to generate detailed metabolic flux maps
(Long and Antoniewicz, 2019; Niedenflhr et al., 2015). Two variants are distinguished
based on whether the labelling information consists of labelling time-courses
(isotopically nonstationary, short INST, '3C-MFA) or is acquired after reaching an
isotopic steady-state in the target intermediates (steady-state '3C-MFA) (Wiechert
and Noh, 2021). Regardless of which variant is used, the key feature of ">*C-MFA is
that it not only provides an estimate of intracellular fluxes, but it also equips each flux
value (and pool size in case of INST) with an uncertainty measure, either in terms of
confidence or credible intervals (Theorell et al., 2017). Essentially, these intervals
articulate how the inevitable experimental noise in the data propagates through the
biochemical network, thereby indicating the degree of caution that is required in
interpreting the flux estimates. The confidence limits of the inferred fluxes can be
narrowed by increasing the quantity and/or quality of the data, e.g., by conducting
extensive experimental campaigns (Leighty and Antoniewicz, 2013), or targeted
selection of a (co-)tracer mixture and measurement technology (Borah Slater et al.,
2023; Noh et al., 2018). However, theoretical investigations (Kappelmann et al., 2016)
as well as extensive experimental exercises (Crown et al., 2015) have demonstrated
that, in any realistic study, several central metabolic fluxes will remain unresolved.
13C-MFA models are built with knowledge of mass balances, formulated upon
genetic and biomolecular knowledge that formalizes the incorporation of isotopically
labelled substrates into the metabolic pathways of the target organism. The scope of
the models — the extent of the metabolic reaction set that is to be modelled — is
roughly shaped by the observed metabolites and their ability to provide information on

the pathways of primary interest. Typical "*C-MFA models inform on central carbon
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metabolism and amino acid biosynthesis, with a recent trend to increasing the model
scope (McCloskey et al., 2016a), as reviewed in (Hendry et al., 2020), by more
application of more advanced analytical techniques (Kappelmann et al., 2019;
McCloskey et al., 2016b; Zheng et al., 2024) and performant simulation tools (Quek et
al., 2009; Rahim et al., 2022; Sokol et al., 2012; Weitzel et al., 2013; Wu et al., 2023;
Young, 2014).

Concerning uncertainty quantification for the metabolic fluxes, the '*C-MFA
field has been shaped by the statistical “frequentist” viewpoint (Antoniewicz et al.,
2006; Wiechert et al., 1999). Bayesian methods were first mentioned only in 2006
(Kadirkamanathan et al., 2006), and are only rarely used in practice, even though
Bayesian inference provides a consistent framework for updating prior knowledge
about fluxes with new evidence, a situation that is frequently encountered in
metabolic engineering. One key difference between the Bayesian and frequentist
approaches is that the latter's maximum likelihood estimator gives the best fit, a so-
called point estimate, for the true, but unknown flux vector (the common term “flux
distribution” is ambivalent, so we here use the term “flux vector” to indicate that the
outcome is a concrete flux map). In the Bayesian paradigm, in contrast, a flux vector
is considered a multivariate random variable which is assigned a probability density.
Thus, the unknown fluxes are interpreted as inherently uncertain quantities. The final
outcome of a Bayesian '3C-MFA is then represented by the so-called joint flux
posterior probability distribution, which, once determined, unlocks insights into flux
probabilities and correlations that go beyond the single point estimate derived using
flux fitting with subsequent statistical analysis. The flux uncertainty obtained from flux
posterior-based credible intervals by marginalization (integration) of the joint posterior

probability distribution is straightforward to interpret, i.e., the true flux value is with,
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say, 95% probability contained in the interval, an interpretation that is often wrongly
attributed to frequentist confidence intervals (Ellison, 2004; Morey et al., 2016).
Moreover, the derivation of confidence intervals is brittle in the sense of credibility of
the confidence limits. This is because the confidence intervals are sensitive to the
algorithm with which they are determined (Theorell et al., 2017). For introductory texts
on Bayesian concepts, we refer to the excellent textbook by Gelman et al., (2013).
We here demonstrate that the statistical rigour of the Bayesian machinery is
superior to frequentist methods of '3C-MFA in its ability to map data uncertainty into
flux uncertainty. This is because the Bayesian framework empowers us to, besides
data noise, also take the uncertainty in the model used for flux inference into account.
However, the Bayesian nomenclature can quickly become overwhelming for non-
statisticians. To explain the advantages of the Bayesian way of flux analyses to the
metabolic engineer who has grown up in the frequentist world, we give the core
principles without statistical overload. We showcase the Bayesian machinery in
action, with a worked example to highlight the “Why”, “When”, and “How” of this
modern approach to metabolic flux inference, by deriving a novel solution to a long-

standing "*C-MFA problem.

2. Theoryl/calculation

2.1.Bayesian 3C-MFA using single models

Phrased in the language of Bayesian statistics, the goal of metabolic flux analysis is
to determine the posterior probability distribution of net and exchange fluxes 6 from a

labelling data set D by means of an atom transition model M~ (Wiechert and de

* With the term model we mean a system of mathematical equations, defined over a parameter space
and with an image in the observation space.
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Graaf, 1997)). Here we denote the flux vector 8,, = (8¢, 63"), where the subscript
indicates the parameters’ model affinity. Throughout this section we consider the
model structure fixed, as this is standard in '3C-MFA. In the Bayesian world, any flux
is considered a random variable equipped with a credibility represented by a
probability. Considering all possible flux values gives a probability distribution. The
central desired quantity of '3C-MFA is, thus, the joint flux posterior probability
distribution, denoted p(6,;|M, D) (“the probability of the flux vector v, given model
M and data D”, short posterior), which assigns a probability to each flux constellation
taking into account the data. If that posterior probability distribution is narrow, there
are only few flux vectors considered credible and there is low uncertainty about their
values. On the contrary, if the posterior distribution is wide, there are many flux values
with a weak credibility, thereby representing high uncertainty. To derive the posterior,
Bayes theorem is employed (Bayes and R, 1763):

p(D|60y, M) - p(65c| M) (1)
p(M, D)

p(Or|M,D) =

which expands p(6,,|M, D) into three ingredients: the prior probability distribution
p(6| M), (short, the prior), the likelihood p(D|M, 8,,), and the normalization
constant p(M, D), that transforms the (relative) flux posterior probability distribution
(enumerator in Eq. (1)) into a probability density with total probability of one.

The normalizing constant is called evidence that expresses the probability of
the model-data combination, which is calculated by integrating over the feasible flux

values
p(M,D) = fp(DIBM,M) - p(O2c | M) dOyy (2)

The likelihood, p(D|6,, M), is the probability that we observe the data D given model

M with flux vector 6,,. The likelihood is closely related to the frequentist world, where
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it reflects the maximum likelihood estimation (or optimization) landscape, from which
the best fit (maximum agreement between measured and model-predicted data) is
derived. From the mode of the posterior p(6,,|M, D) the particular flux vector that
best explains the observed data set is the so-called maximum a posteriori (MAP)
point estimate. In particular, the MAP coincides with the best maximum likelihood fit,
in case of uninformative priors (Theorell et al., 2017).

The prior, p(0,,|M), expresses the knowledge about the model-specific fluxes
0, that is available before the labelling experiment is made. The more knowledge is
encoded in the prior, the larger is its influence on the result. Since priors are formally
unknown to frequentists, their formulation often gives rise to confusion. So how do we
specify flux priors for a "*C-MFA? In the common scenario that we study an organism
under conditions that have already been studied, some knowledge about flux value
ranges and a notion about their (un)certainty exists. This knowledge, formalized as an
informed prior probability distribution, enters Eq. (1). Actually the same happens in
traditional '3C-MFA: the modeller specifies available knowledge by adding
constraints, e.g., assumptions on reaction reversibility or the range of possible flux
values. In a scenario, where less knowledge on the fluxes is available or should be
used, any theoretically possible flux constellation is considered equally likely. In any
way, subtly, the reaction stoichiometry imposes non-trivial flux boundaries that,
together with upper and lower flux limits, renders the flux prior a density and makes
even an uniform flux prior informative (Jadebeck et al., 2021; Theorell et al., 2022).

To exemplify Bayesian '3C-MFA, we revisit a published study that features
E. coli (Zamboni et al., 2009). In the study, a labelling experiment with a tracer
mixture of 20% [U-'3C]-glucose and 80% naturally labelled glucose was conducted in

a continuous cultivation with the MG1655 wild type at a growth rate of 0.12 h-'.In total
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192 independent labelling measurements were generated by mass spectrometry of
11 amino acids, as well as growth rate and glucose uptake rate measurements
(Supplementary Table S1, the glucose tracer mixture was fixed). The original network
model, hitherto termed M, used for data analysis covers central carbon metabolism
and biosynthesis routes (Figure 1), therewith representing a typical "*C-MFA
example. The model comprises 66 reactions connecting 37 metabolites. Of the 66
reactions, 49 were considered uni-directional and 17 bidirectional, as a consequence
of assumptions imposed by thermodynamic properties. Further expert knowledge was
implemented, such as the activity of malic enzyme (ana3) in gluconeogenetic
direction or the exclusion of the Entner-Doudoroff pathway, known to be inactive
under the studied conditions. Therewith, reaction stoichiometry leaves 10 adjustable
net fluxes and 17 adjustable exchange fluxes. Sampling the flux solution space
uniformly then reveals the flux prior introduced by the model formulation M ,: while
the marginal net flux priors exhibit informative shapes (Supplementary Fig. S5),
exchange flux priors obviously remain diffuse within their boundaries. The task of
single-model '3C-MFA is to infer all 27 free flux parameters from the 193 independent

measurements.
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Figure 1: Metabolic network of the central carbon metabolism of E. coli representing
the M, model taken from Zamboni et al., (2009). Double headed arrows indicate
bidirectional reactions (diamonds), unidirectional reactions are shown single headed.
Metabolic pathways are color-coded with the 11 measured amino acids (rounded rectangles)
indicated in orange. The model M, was formulated with the model editor Omix (v1.9.34)

(Droste et al., 2013) and exported to FluxML format (v1.3), an universal language for
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specification of 13C-MFA models (BeyR et al., 2019). The full FluxML model specification,

including atom mapping and measurements, is given in the Supplementary Data.

Bayesian flux estimation with the M, model was carried out as described
previously (Theorell et al., 2017). In short, the high-performance simulator
13CFLUX2 (v2.0) (Weitzel et al., 2013) was used for likelihood calculation. Flux prior
and posterior probability distributions given by Eq. (1) were calculated using Markov
chain Monte Carlo (MCMC) sampling , using the highly optimized polytope sampling
library HOPS (Jadebeck et al., 2021), after rounding (Theorell et al., 2022) and
thinning (Jadebeck et al., 2023). The posterior distributions were checked for
convergence (flux-wise potential scale reduction factor < 1.01 and effective sample
sizes (ESS) >> 1,000, see Supplementary Table S.2 and Supplementary Methods for
more details). Figure 2 shows the inference results for 9 out of the 10 free net fluxes
selected from different metabolic pathways of E. coli, along with their marginal 95%
credibility intervals. For reference, the values reported in the original study (Zamboni
et al., 2009), using nonlinear flux fitting in combination with linearized error
propagation (Wiechert et al., 1997), using 13CFLUX (Wiechert et al., 2001), are also

shown.
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Figure 2: Single-model flux inferences using M. Marginal posterior probability
distributions for net fluxes of reactions located in different metabolic pathways are shown:
empl.n, emp3.n, emp6.n (glycolysis), pppl.n (pentose phosphate pathway), tca3.n, tca5a.n
(tricarboxylic acid cycle), anal.n, ana3.n (anaplerosis), and gsl1.n (glyoxylate shunt). Marginal
flux posterior probability distributions derived from Eq. (1) with the MAP and 95% credibility
intervals are shown in blue, best fit values and 95% confidence intervals reported by Zamboni
et al., (2009) in red. In the original study 21 of the 27 free fluxes were set constant after fitting
before performing the statistical analysis, whereas the Bayesian analysis was carried out
using model M, with 27 free fluxes. Therefore, emp6.n (pyruvate kinase) lacks a confidence
interval, as the flux was fixed to a value of 5.22 mmol/(gcow h). Credibility intervals are
bounded by definition to not include values beyond the feasible flux range, unlike confidence
intervals produced by linearized statistics (cf. tca3.n, ana3.n). Marginal distributions for the

remaining net fluxes and their 95% credibility intervals are given in Supplementary Fig. S6.

3. Results and discussion

3.1.Bidirectional reaction steps give rise to model selection uncertainty
Models are never perfect, but always approximate specific aspects of the system

under study. For a model to be useful when operated within a particular scientific
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context such as flux estimation, two criteria have to be fulfilled: the model scope has
to be general enough to address the questions of interest, and yet it must be
verifiable experimentally. In biochemical network modelling, these two criteria are not
sufficient to determine a unique model formulation (Hangos et al., 2014; Haunschild
et al., 2005). In this situation, the choice of the particular model to be used can
profoundly influence the conclusions drawn from the analysis of the particular dataset.
13C-MFA is no exception, despite its well-defined biochemical groundings and best-
practice to collect experimental evidence for major influencing factors (Zamboni et al.,
2009). Modern high-throughput technologies (Heux et al., 2017) open the door to
retain a subset of the data for validation purposes and model checking (Gelman et al.,
2020), therewith offering rigorous tools to (in)validate candidate models, thereby
curbing against model misspecification, as exemplified by Sundqvist et al (2022).
Nonetheless, even with all these safeguards in place and within an agreed and
validated model scope, there are, as in any modelling effort, specific design decisions
involved, each of which has potential consequences on flux estimates.

An ever-present question in '3C-MFA is whether reversible reactions’ operate
uni- or bidirectionally under in vivo conditions. The answer to this question determines
much of the mathematical structure of the labelling systems (Wiechert and de Graaf,
1997); but, in contrast to pathway enrichment or enzyme activity testing, in vivo
reaction bidirectionality is experimentally hardly accessible. The second law of
thermodynamics provides pointers that may identify a reaction as likely to be
unidirectional (Wiechert, 2007); but the vast majority of enzymatic reactions operates

near thermodynamic equilibrium such that bidirectional labelling exchange can

" Essentially all biochemical reactions are reversible but when a strong thermodynamic driving force
drives a reaction in a single reaction direction then it is said unidirectional, otherwise bidirectional.
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happen even if the net flux is small. For example, even in the glycolytic pathway of
extremely well-studied organisms such as E. coli such “surprises” can happen (Long
et al., 2017), proving previous model specifications wrong. Isotope labelling data can
be informative about reaction bidirectionality, as was demonstrated in the early days
of 13C-MFA (Wiechert and de Graaf, 1997), both in silico (Follstad and
Stephanopoulos, 1998), and in vivo (Marx et al., 1996). Since the reaction
bidirectionality setting is a crucial ingredient for constructing the model that is used to
analyse the labelling data, the modeller here has to decide on a model formulation
before evaluating the data set at hand despite epistemic uncertainty.

While for describing the labelling flow through a unidirectional reaction one flux
parameter is sufficient, in case of a bidirectional reaction two parameters are
required. Commonly net and exchange fluxes are used to describe the fluxes of a
reversible reaction step (Wiechert and de Graaf, 1997), where a net flux quantifies the
net transport of label between substrates and products of a reaction, while the
exchange flux is the quantity of the labelling flow that goes in both, forward and
backward direction. It has been argued that in the case of a reaction could be
bidirectional, it is safest to allow the data to provide evidence of whether it actually is
uni- or bidirectional under the tested conditions. Exchange fluxes, however, are
deemed to be not well-identifiable (Wiechert and Noh, 2021), making it desirable to

reduce their number to reduce the risk of describing the noise in the data.

3.2.Single bidirectionality settings ignore model uncertainty in 3C-MFA
Figure 3 visualises the bidirectionality settings of the original model M, and two
alternative models, M, and M, derived by setting some of the bidirectional reactions

unidirectional. The two models M; and M, are simpler in that they have only 3

14
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exchange fluxes each (M, has 17 exchange parameters), whereas all models share
the same set of net fluxes (10). The two models M; and M, were selected
heuristically by inspecting flux sensitivities and correlations and ensuring that no flux
or flux combination essential to achieve a good fit to the data were eliminated. All
models were given the same flux bounds as M, except for their bidirectionalities
(Supplementary Table S1). The weighted sum of squared residuals (WSSR) obtained
by maximum likelihood estimation are 137.8 and 137.9 for M; and M,,, respectively;

values that are very similar to the value of the original model M, (132.0).
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Figure 3: Alternate bidirectional reaction settings of the original model M.
Bidirectional reactions are highlighted with black double headed arrows. All models share the
same 10 net fluxes, while the exchange fluxes are specific to the models: 17 for M,
(WSSR=132.0), 3 for M'; (WSSR 137.8) and M, (WSSR 137.9), as well as 24 for M'_;
(WSSR 131.3). Specifications of the models are available in the Supplementary Data.
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That the bidirectionality setting indeed has dramatic consequences on practical
net flux inference becomes evident in Figure 4, where the net flux posterior probability
densities for the 9 selected net fluxes E. coli (remaining net flux distributions are
provided in Supplementary Fig. S7), derived by Eq. (1), are shown for the three
different models. The flux posterior for each of the models differs strongly in several
net fluxes, in particular for the simple models M; and M,. The comparison shows that
there is also little consensus amongst the minimal models and M, in the upper
glycolysis (empl.n) and the pentose phosphate pathway (pppl.n — ppp6.n). The
results suggest that the minimal models yield inferences with smaller variances
compared to the original model, as expected, but also suffer from higher biases (

empl.n, pppl.n — ppp6.n), induced by setting too many reactions unidirectional.
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Figure 4: Flux posterior probability distributions derived from single-model inference.
Net fluxes of reactions located in different metabolic pathways are selected: empl.n, emp3.n,
emp6.n (glycolysis), pppl.n (pentose phosphate pathway), tca3.n, tcaba.n (tricarboxylic acid
cycle), anal.n, ana3.n (anaplerosis), and gsl.n (glyoxylate shunt), derived with the original
model M, (blue), the simple models M';, M, (rose, yellow), and M _; (plum) a super-model
of M',.The parsimonious models M'; and M, yield contradictory inferences and,
unsurprisingly, grossly underestimate flux uncertainty, whereas the models M, and M _;
show higher similarity for most, but not all net fluxes. Marginal distributions for the remaining
net fluxes and their 99% credible intervals are given in Supplementary Figs. S7 and S12.
Numbers give the 1-Wasserstein distance (in mmol/gcow/h), a metric that quantifies the
discrepancy between the posterior distributions related to M ,. Values close to 0 indicate
good agreement. Wasserstein distances were calculated using SciPy (1.5.4). A pairwise
model comparison across all net fluxes revealing most dissimilar net flux inferences is given

in Supplementary Figs. S11.

That only 17 fluxes are considered bidirectional in the original model is the

consequence of bidirectionality assumptions supported by expert knowledge. To test
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a model variant that has more bidirectional reactions than the original model, we
relaxed some of these assumptions and considered 24 reactions to be potentially
bidirectional (the relaxed reactions are indicated in Figure 6 in red). The relaxed
model is hitherto denoted M_, (Figure 3). Flux posterior distributions derived with
M_, (Figure 4 in plum) are comparable with those of model M, in many, but not all
net fluxes. Most prominent discrepancies occur in the anaplerotic section (anal.n),
where the credibility intervals produced with the complex model M_; are smaller than
those produced by the much more constrained original model M,,, despite using the
same data (Supplementary Fig. S12). An explanation for this phenomenon is that the
complex model M_; starts to fit the noise in the data, which renders the credibility
limits less reliable. This shows that using an “all-inclusive super” model (a model with
all potentially reversible reactions set bidirectional) does not secure reliable flux
inference.

Summarizing, in *C-MFA a multitude of equally well-performing model
candidates exists for all real-world problems. The choice of whether to set reactions
as either uni- or bidirectional is crucial to the flux solution. The frequently used
strategy of setting the reactions with uncertain bidirectionality as bidirectional is not a
safe bet in terms of inferential reliability, because it can produce different MAPs and
cause unpredictability in over- or under-estimation of credibility intervals. The
question is how to determine a useful model from the set of possible models that

gives reliable flux estimates and confidence limits?

3.3.Bayesian model selection
To identify the “best” model among many candidates, a variety of information-

theoretical model selection criteria has been formalized that trade-off fit quality (how
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well the model explains the data) and model simplicity (often related to the number of
independent model parameters) (Burnham and Anderson, 2002). A review of these
selection criteria and their application in systems biology is provided by Kirk et al.
(2013). The justification that among all model candidates with the same fit quality, the
simplest one is favoured (Ockham’s Razor) rests on probabilistic grounds: Simple
models, with few adjustable parameters, are able to adjust to fit only a narrow range
of experimental outcomes, compared to complex models with many adjustable
parameters (MacKay, 2003). Therefore, in the common scenario where both a simple
and a complex model can fit the data equally well, the simple model is suggested to
be more credible, since it is less likely to fit the data by chance (Jefferys and Berger,

1992; McFadden, 2023).

3.3.1. Comparing '*C-MFA models using likelihood ratios

The guiding principle of simplicity (or parsimony) is embodied in Bayesian model
selection (MacKay, 2003); see Supplementary Methods for an educational example.
In the context of potentially bidirectional reaction steps, simplicity is linked to the
number of parameters in '3C-MFA models. So, what is the outcome of Bayesian
model selection when we compare our (complex) reference model M, (27 free flux
parameters) with the simpler models M; or M, (13 free flux parameters)? For this, we
need to determine the posterior probability of the models M; in view of the data D, in
short the model posterior p(M;|D). To derive these quantities, we first expand
p(M;|D) using Bayes theorem:

p(D|M;) - p(M;) (3)
p(D)

p(M;|D) =
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To assess, which particular model formulation from a set of two '*C-MFA model
candidates, say M, and M, is more likely, using Eq. (3), we then compute the ratio
of model posteriors:

pMiID) _ p(DIMy) - p(My) (4)
p(My|D) p(DIMy) - p(Myp)

where p(D) cancels out. The likelihood of a model M;, p(D|M;), is derived by

averaging out (marginalizing) the influence of its flux parameters, 6,;, specific to M;:
5
pOIM) = [ (D163, 26) - D630 /40) dr (%)

Inserting Eq. (5) into Eq. (4) gives the marginal probability likelihood ratio for the

comparison of two models M, and Mj;:

p(M;|D) _ fP(DleMl']VQ) : p(nglMl) d9M1 _ p(M;) (6)
p(MoID) [ p(D|6ac, Mo) - P(Oae, | M) dBar, P (M)

When, in the absence of a preference, as equal prior probability is assigned to each
of the two models, i.e. p(M,) = p(M;), the posterior odds in Eq. (6) reduces to the
so-called Bayes factor (Kass and Raftery, 1995; Wasserman, 2000), the ratio of the
marginal likelihoods (or evidences) of the two model hypotheses. A Bayes factor of
10, for instance, states that the data D are considered 10 times more likely to be
produced from model M, rather than from model M. Hence, Eq. (6) is a rigorous
means for model comparison, providing a measure for the evidence, where the model
with the higher probability is preferred (MacKay, 2003; Pullen and Morris, 2014).

To answer our question, which of the three models is supported by the data
most, we calculated the posterior probabilities of the models M; and M, relative to
the original model M, without preference to any of the three models (i.e., the prior

odds ratios are 1.0 in Eq. (6)). Practically, Bayesian evidence approximation is
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performed using nested sampling (Skilling, 2006), precisely through Diffusive Nested
Sampling (Brewer et al., 2011), a performant MCMC technique implemented in the
software DNest4 (v4) (Brewer and Foreman-Mackey, 2018). The calculations yields:

p(Mi|D) _ p(DIM;)

= ~ 4.8-10?
p(My|D)  p(D|My)

(7)
p(M3|D) _ p(D|M3)
p(My|D)  p(D|M,)

~ 5.1-103

meaning that both minimal models, M; and M,, are at least two orders of magnitude
more probable than the published model M,,. This is a consequence of the action of
Ockham’s razor that is embodied in Bayesian statistics: the original model M,
accommodates a larger range of data with its 14 additional parameters than the
simpler models; but because the simpler models explain the data almost as well as

the original model, they are considered to be more likely.

3.3.2. Model probability

In the E. coli example, it is important to recognize that, although the M, model is
more likely than M, and M ,we have derived our conclusion by comparing the
posterior probabilities of only three models rather than accounting for all possible
models. In particular, even though M, is ten times more likely than Mj, its absolute
probability, may nevertheless be very small, taking all of the un-investigated model
candidates into account. Indeed, recalling the difference of 14 bidirectionalities
between the simple and the original model, it is very likely that there exists a large
number of models that are simpler than the original model, and have a similar
likelihood, but different flux posterior distributions (Figure 4). In that situation,
selecting any single model with a high likelihood, can nevertheless seriously

underestimate the flux uncertainty.
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To see this, we now formulate the probability of a single model, as in Eq. (3),
by relating its probability to the probability of the totality of all possible models
(henceforth, absolute model probability). This requires us to assess the probability of
the data under any possible bidirectionality hypothesis, as represented by the
normalizing constant, the model evidence p(D) in Eq. (3). Knowing that the sum of
the probabilities of all, say N, possible models has to equal one, we can rewrite
Eq. (3) to give the absolute probability density of a model M; from a set of alternative
models:

p(D|M;) - p(M;) _ p(D|M;) - p(M;) (8)
p(D) 1p(D[3) - p(375)

p(M;|D) =

We here consider all alternate model formulations that lead to a combinatorial set of
models, precisely N = 2™ possible model structures, where n,; is the number of
reactions with uncertain bidirectionality for modelling the reaction bidirectionality.
Then, in view of Eq. (8), a high relative model prior probability p(M;) and data
likelihood p(D|M;), such as for M,, do not necessarily lead to a high (close to one)
absolute model probability p(M;|D) of models, since p(M;|D) has to be normalized
against the totality of all other possible 2™i models. This speaks to common sense: If
we have a great many equally good explanations, the probability of any one being the
correct model is small. This apparent conclusion does, however, have far-reaching
consequences for "*C-MFA in general. In particular, employing model comparison
approaches, such as probability likelihood ratios, to test all model variants for finding
a winning model makes little sense. This is because, for example, selecting a single
bidirectionality setting neglects a substantial amount of uncertainty related to the
model selection process, yet the flux inferences would be oblivious to this uncertainty.

This insight thus reveals a fundamental Achilles heel of the current practice of
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applying a single *C-MFA model for flux inference: there are likely to be many
equally good, but quite different, solutions based on slightly different model structures

that are consistent with the data.

3.4. Multi-model '*C-MFA using Bayesian Model Averaging

A promising approach to avoiding the pitfalls of using a single model for flux inference
when there is considerable epistemic model uncertainty, is to combine the inferences
of all candidate models. Bayesian model averaging (BMA) adopts such an approach
by including all potential models, but weighting each model according to its model
posterior probability, the likelihood of the data, given the model (Hoeting et al., 1999).
Despite being an established statistical tool in many fields (Fragoso et al., 2018),
BMA is only rarely employed in biochemical network modelling (Borah Slater et al.,
2023; Mitosch et al., 2023; Oates et al., 2014; Theorell and N6h, 2020). To consider
model uncertainty for flux inference with BMA, we extend Eq. (1) by averaging over a

model set:

N

p(OID) = ) (03¢, D) - p(4ID) (9)
i=1
Herein, p(M;|D) is the absolute posterior model probability of model M; in view of the
data D, as given in Eq. (8), which is weighted by p(8,,|M;, D), i.e., the model-specific
flux posterior probability distribution of the (net) flux parameters, 0, that are shared
across the models contained in the model set. Loosely speaking, the calculation rule
in Eq. (9) averages out the joint influences of the uncertain model structures.

Application of BMA requires the computationally challenging task of computing

the flux posteriors for a set of models, which relates to a two-layered averaging

process: the first averaging over the (continuous) flux space of each model candidate,
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and the second averaging over the (discrete) model space. Instead of calculating the
posterior probabilities of all N = 2™ models and their flux probability distributions
separately, inference is performed using Reversible Jump Markov Chain Monte Carlo
(RIMCMC), a trans-dimensional sampling algorithm that samples (discrete) model
structures and (continuous) parameter values simultaneously (Green and Hastie,
2009), thereby side-stepping the explicit calculation of each model weight in Eq. (9).
Specifically, the relative number of times a model was sampled by RIMCMC here
approximates the model's relative probability. Technical details about the construction
of the RIMCMC transition densities, specific to '3 C-MFA, are described in the
Supplementary Information (Supplementary Sec. Methods) and Theorell and N6éh
(2020).

In this context, an important, but subtle point of distinction between single- and
multi-model '3C-MFA is that, from the perspective of probability theory, there is a
fundamental difference between replacing a bidirectional reaction in a network by a
unidirectional one (change in model structure), and the alternative of setting its
exchange flux to zero (fixing a parameter value), despite the fact these alternative
settings yield the same simulated labelling enrichment. This is because removing a
bidirectionality (or exchange flux) from a model alters the models’ probability, as this
is proportional to the likelihood of the data, averaged over all feasible flux values.
Consequently, eliminating a bidirectionality from a model lowers the dimensionality of
its flux solution space that is averaged over, and therefore affects the average
likelihood. In contrast, setting an exchange flux to 0 has no influence on the fit
averaged over all other fluxes, since the flux solution space in this case remains the

same.
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3.5. BMA-based 3C-MFA: More robustness with fewer assumptions

Applying BMA to the E. coli study, we next consider the set of all (nested) candidate
models derived from model M, through setting some bidirectional reactions as
unidirectional. We denote this set by {M,}, and recall that the simpler models M, and
M, are two of the total of 217 = 131.072 models that constitute the set. All models in
{M,} share the same set of net fluxes, but differ in the composition of exchange
fluxes, and therefore the number of free parameters, short degrees of freedom (DOF),
i.e., 8 =6""in Eq. (9). Furthermore, we consider all model candidates in the set
{M,} to be equally likely. If the labelling data is informative about the exchange
fluxes, application of Bayes' theorem results in constriction of the model set, by
excluding models that have both too few and too many bidirectional reactions. This
automatism contrasts the sequential test-based model updating strategies that are
currently in use (Hendry et al., 2020).

BMA with the model set {M,} yields net flux credible intervals similar to those
of the original model M, using single-model inference, as seen for 9 net fluxes in
Figure 5 (red and blue, respectively), and for the remaining fluxes in Supplementary
Fig. S9. However, the shape of the posterior distributions exhibits marked differences.
Most prominently, BMA locates more probability mass to low values of emp1.n and,
consequently, much higher values of pppl.n, than the conventional single-model
inference with the original model. Because M, is contained in the model set {M,}, the
difference in shape between the single-model posterior distributions and the BMA-
derived distributions can be interpreted as inability of the M, model to represent the

overall uncertainty in the model structure.
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Figure 5: Comparison of flux posterior distributions using single-model and multi-
model inference. Single-model inferences are derived with the published model M, (blue,
see also Fig. 4), multi-model inferences with the model sets {My} and {M _;} (light and dark
orange), for net fluxes shown in Fig. 4. Multi-model inferences are strikingly consistent.
Results for the remaining fluxes are given in Supplementary Figs. S8-S10, expected values
and 99% credible intervals in Supplementary Fig. S12. Numbers give the 1-Wasserstein
distance between the posterior distributions derived with {My} and {M _;} (in mmol/gcow/h),
respectively. The pairwise model comparison of Wasserstein distances in Supplementary
Figs. S11 shows that similarity across all net fluxes inferred using multi-model sets is

substantially larger than inferences derived with any two single models.

For single-model inference we found similar incoherent net flux inferences when
comparing the original model M, and the model M_; having 7 additional bidirectional
reactions (Figure 5, Supplementary Fig. S7). To study whether net flux inferences (in
terms of net flux estimates and credible intervals) derived with the BMA approach are
sensitive with respect to a larger model set, we repeated our BMA analysis with the

more complex model set {M _;}. This set is a 128 times larger super-set of {M,} that
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consists of 22* = 16.777.216 model structures. In fact, we found a striking consistency
for the multi-model inferences obtained for {My} and {M _}, i.e., all net flux posteriors
were entirely reproduced as can be seen for the 9 selected net fluxes in Figure 5 and
the remaining ones in Supplementary Fig. S8. In addition, Supplementary Fig. S11
shows that the differences in posterior distributions between the two models sets are
considerably smaller than the differences between single models, e.g. between M,
and M_,, as measured by 1-Wasserstein distances. Generalizing from flux inference
using a single model and MCMC (Theorell et al., 2017), to flux inference using
multiple models and RUIMCMC did not increase the computational effort, a remarkable

finding that also has previously been noted (Theorell and N6h, 2020).

3.6. Discovering new insights into bidirectional reaction steps

In all our BMA-based inferences, the exchange fluxes are marginalized according to
Eq. (9). However, from the results obtained by RIMCMC sampling, we are still able to
approximate the marginal posterior probability of how likely it is that a particular
reaction step is uni- or bidirectional in view of the given data. By definition, the
marginal posterior probability equals the cumulative probability over all models in
which the reaction is found to be uni- and bidirectional, respectively, by inspecting the
fraction of samples in which the considered exchange flux is positive. We investigated
again both model sets {M,,} and {M_,} and the results are shown in Figure 6. Each
potentially bidirectional reaction amongst the set members was classified to be either
bidirectional (probability p ~ 1.0, black), unidirectional (probability p ~ 0.0, red), or
inconclusive (blue). Similar to the net flux posterior distributions, the bidirectionality

inferences were found to be strikingly consistent (cf. Supplementary Fig. S13).
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We found strong evidence that four of the unidirectional reactions that were
artificially set to be bidirectional in M_; are indeed unidirectional: tcal, tca3 and tca4
(with p << 0.01) in the TCA cycle and ppp1l in the oxidative PPP (p = 0.05). Note that
all these reactions are associated with carboxylation/decarboxylation steps in which
the data strongly supports the expected decarboxylation direction, as was reasoned
in the reference study (Zamboni et al., 2009). On the other hand, BMA provided no
evidence in favour of either uni- or bidirectionality in the further three reactions (tca2,
gsl, gs2) that were set unidirectional in the reference study. Furthermore, one
reaction, ppp4 in the non-oxidative part of the PPP that was set bidirectional in the
original model, was found to be unidirectional in the majority (p = 0.94) of solutions.
Decisive evidence in favour of the bidirectionality of emp5 (p = 1.0) was also found,
implying that all models in which the enzyme enolase was set to operate
unidirectionally failed to fit the data. Also interesting is that pyruvate kinase, which
converts phosphoenolpyruvate (PEP) to pyruvate (PYR), emp6, which was set as
bidirectional in the original study, shows the second highest probability of being
bidirectional (p = 0.9). This result is in line with studies subsequent to the original
paper, such as Long et al. (2017), which was based on an extensive series of more
than a dozen labelling experiments, also supporting bidirectionality in this enzyme.
The remaining reactions have neither very high, nor very low probability of being
bidirectional, meaning that the dataset was uninformative with regard to uni- or

bidirectionality of these reactions.
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Figure 6: Structural inference of reaction bidirectionalities with model set {M_4}. By

definition, the marginal bidirectionality probability equals the summed probability of all

sampled models for which a reversible reaction is assigned to be bidirectional (.x > 0), where

the probability of a model is represented by the number of times it is sampled divided by the

total number of samples in the sampled model ensemble. High probability values (reactions

and bars printed in black) give strong evidence for bidirectionality, and low values (reactions

and bars in red) give strong support for unidirectionality. Medium probabilities (blue) imply

that the investigated dataset is uninformative to whether the reaction is bi- or unidirectional.

The 7 reactions considered unidirectional in the reference study (Zamboni et al., 2009), are

printed in bold and underlined. Values for posterior probabilities are listed in Supplementary

Table S1.
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3.7. BMA penalizes over-simplistic and over-complex model formulations
The marginal posterior distributions derived from the model ensemble {M_,} for both,
net fluxes and bidirectionalities, are nearly indistinguishable from those obtained with
its subset {M,}, despite the fact that the number of considered model variants in
{M_,} is two orders of magnitude higher. It is surprising that the inferences derived
using BMA remain remarkably robust, despite the drastic increase of the model set.
We hypothesise that this is because the models with high probability, and thus high
influence on the inferences, are the same regardless of whether the {M,} or the
{M_,} model set is used, regardless of their difference in the underlying
bidirectionality assumption sets. Since our results are calculated with RIMCMC,
sampling model variants according to their probability in view of the data, the most
important models should be contained in the sampled model sets, hitherto denoted
the effective model set. To test our hypothesis, we compared the models in the
effective model sets {My}¢f and {M _;}¢, taking the number of independent fluxes
(DOFs) as a proxy for model complexity.

In the Bayesian framework, the posterior DOF distribution of the effective
model set is determined by the DOF distribution of the underlying “prior” (i.e.
complete) model set and the data. Due to our premise that each model within the
prior model set is equally conceivable, the prior DOF distribution is binomial, shifted
by an offset of 10 (the number of independent net fluxes). The prior and posterior
DOF distributions are shown in Figure 7. For the complex model set {M_,}, consisting
of models with maximally 34 prior DOFs, the prior distribution is centred at
22.00 + 3.32 DOF, whereas the posterior has a mean complexity of
20.41 + 1.71 DOF. Thus, the data gives preference to simpler models with fewer

bidirectionalities than the average model in {M_,}. For the set of models {M,} with
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maximally 27 prior DOFs, the binomial DOF prior has a mean of 18.50 + 3.04,

3.5 DOFs less than the mean model complexity of {M_,}. Interestingly, for {M,} the
posterior mean (19.14 + 1.59) is located to the right compared to the prior mean, i.e.
the data enforced a preference for models with more bidirectionalities than the prior
average, showing the automatism embodied in the Bayesian framework: it does not
generally select the simplest models if they fail to account for the data. The difference
of only 1.23 DOFs between the two posterior DOF distribution means of the effective
model ensembles {M}¢f and {M _;}¢f is markedly small, despite the fact that {M_,}
contains more than 16 million models variants. Notably, the minimal models are
located in the very left tail of the posterior DOF distributions, whereas the original
model resides at the right tail.

The results show that the apparent robustness of the multi-model inferences
indeed stems from the characteristics of BMA to arrive at stable posterior
distributions. Practically, this means that regardless of how complex a super-model
set of {M,} is, the contributions of all unnecessarily complex models, i.e. models with
additional bidirectionalities that do not have decisive support from the data, are
automatically excluded so that inferences remain coherent. This tempered version of
Ockham’s razor contrasts the observation made for the single-model inferences and

shows that BMA is a powerful remedy for dealing with uncertain bidirectionalities.
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Figure 7: Necessary vs. unnecessary (effective) model complexities. DOF posterior
distributions derived by employing BMA to the model sets {M,} and {M_,}. (a) Prior DOF
probability densities for {M,} (10-24 DOFs) (blue) and {M_,} (10-34 DOFs) (red, overlaid)
are shifted binomial distributions with means indicated by vertical lines. (b) Posterior DOF
probability densities for the two effective model sets. The mean of the posterior DOF
distribution for {M,}¢ is shifted towards models with on average more bidirectionalities
compared to the prior, whereas the mean of the posterior DOF distribution for {M _;}¢f is
shifted towards models with fewer bidirectionalities compared to the prior, yielding posterior
distributions that are largely overlapping. For comparison, the DOFs of the minimal M}, M,
(DOF = 13), the original model M, (27), and the complex model M_; (34) are indicated.

4. Conclusions
Modelling isotope labelling data is an inherently difficult problem, where the
investigated complex biological systems invariably require the modeller to create

complex models for describing the data that are nevertheless a rough approximation
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670  of the system under study. Comprehensiveness has been demanded, as the

671  seemingly safer path so as not to overlook any possible model solution (Hendry et al.,
672  2020), an argument that is common in systems biology (Westerhoff et al., 2009).
673  However, the scope and granularity of models necessarily have to achieve a

674 compromise between simplicity and comprehensiveness. In fact, in the majority of
675 investigations, as the one scrutinized here, modellers aim at including all important
676  model components, but expel unnecessary complexity by integrating hard-coded
677 assumptions, as priors, about the system. However, such a priori assumptions may
678 not be pertinent to a particular system or tested condition, therefore may introduce
679  bias. For example, a biochemical reaction that acts reversible in vitro may not be
680  reversible in vivo when actual physiological conditions differ from those applied in the
681 test tube. This modelling assumption is therefore only reliable when they can be

682 tested for validity, in the best case experimentally. The extent to which model-based
683 inferences depend on untested, or even untestable, assumptions has not been

684  rigorously investigated until now.

685 Adopting the Bayesian approach to tackle the longstanding problem of

686  modelling bidirectional reaction steps in *C-MFA as a test case, we here delineate
687 the extent to which bidirectionality assumptions, either too few or too many, are

688  problematic. We show for a well-investigated E. coli test case that, by ignoring

689  uncertainty about the model assumptions, the use of a single model, whether too
690  simple or comprehensive, can come at severe risks of biases together with loss of
691 reliability and robustness of the resulting flux inferences: On the one hand, we show
692 that direct application of simplicity (Ockham’s razor) to find the simplest solution

693 neglects model, and thereby underestimates flux, uncertainty, as there may be a

694  great many simple models with very different flux solutions. On the other hand, a
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comprehensive model does not safeguard reliable inferences, because it risks
attributing experimental noise to superfluous model parameters.

To overcome these problems in '3C-MFA, we propose to use Bayesian multi-
modelling as an alternative paradigm, where multiple models of a range of
complexities are considered simultaneously, and the importance of the individual
models is weighted according to the models’ probability, given the data. This factor
automatically penalizes too complex models, so is consistent with the principle of
Ockham'’s razor, but also favours more complex models if these are needed to
explain the data. An overview of single- and multi-model "3C-MFA inference is found
in Supplementary Fig. S4.

The practical utility of the multi-model approach to faithfully represent model
uncertainty was demonstrated for the published study where BMA gives coherent flux
inferences, even in the case of comprehensive model sets. Here, BMA unlocked
insights that cannot be obtained for any single-model technique. Strikingly, the
analysis confirmed some of the uni- and bidirectionalities that were fixed in the
published model, whereas other published uni- and bidirectionalities remained
unsupported by the data at hand. This feature of the multi-model approach, which
was previously demonstrated on synthetic data (Theorell and N6h, 2020), allowed us
to not only arrive at robust flux inferences, but also to discover new evidence in the
data for uni- and bidirectional reactions in the published model, but without risking the
bias of a priori assumptions. Notably, BMA-based '3C-MFA now supports the
established, but previously problematic, practice of, in case of doubt, setting
reversible reactions as bidirectional.

Our analysis thereby highlights the epistemological potential of multi-model

inference using BMA for the kind of model inference that is fundamental for metabolic
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engineering. We demonstrated that rigorous inferences can still be obtained even in
the frequent case of incomplete knowledge of the system. Moreover, valid inferences
can still be made in the common situation in which details of some entities in the
system remain unresolved. Both features are particularly useful in network biology
where problems are vastly underdetermined and finding a single model that resolves
all uncertainties is highly improbable. Importantly, with a proxy model that describes
the relevant aspects of the system being a component of the BMA model set, the
working mechanism of BMA automatically assigns low importance to unnecessarily
comprehensive models, even if they outnumber the set of “useful” models by orders
of magnitude. In the case of countably many mechanistic models, as in modelling
bidirectionalities in "*C-MFA, this pruning capability of the tempered Ockham'’s razor
(1) counteracts the “madness of crowds” (Stumpf, 2020), (2) behaves beneficially with
respect to its computational resource efficiency and scalability (Theorell and No6h,
2020), and (3) has proved extraordinary useful in practice (Borah Slater et al., 2023;
Mitosch et al., 2023).

Although we investigated the case of bidirectional reaction steps, multi-model
inference with BMA is far from limited to this type of model uncertainty in metabolic
flux inference, but is relevant for inference under any kind of model uncertainty. This
makes BMA also pertinent to a wide range of inference problems in biology where
many model assumptions are only rarely tested or are even untestable by the data.
Similar problems arise for gene regulatory networks and signalling networks or indeed
any problem that must deal with model uncertainty (Hangos et al., 2014; Haunschild
et al., 2005; Oates et al., 2014; Timonen et al., 2019). Neglecting model uncertainty
can only be justified in the cases where one model is so likely that it outweighs all

other candidates, which is a very rare occurrence, particularly in biology. For the vast
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majority of cases in which uncertainty is embedded in models, we argue that multi-
model approaches, such as BMA, should be applied to unlock the full epistemological

potential of these underdetermined models.

Availability of data
The model files used for the study are available in Supplementary Data. The MCMC
datasets generated and analysed in this study, as well as the Wasserstein distances

are available at https://github.com/JuBiotech/Supplement-to-Theorell-et-al.-

Metabolic Engineering-2024.
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